This paper describes the control of gas generator pressure in throttleable ducted rockets using nonlinear adaptive control as well as classical control approaches. Simulation results using the full nonlinear and time-varying dynamics of the gas generator are reported in both classical controller and adaptive controller cases. "Closed-loop Reference Model" structure is used together with the adaptive controller to improve transient response. Controllers are simulated to test their robustness by introducing uncertinities, disturbances and noise to the system. Cold Air Test Plant (CATP) is used as the test facility to compare the controllers and validate the results from simulations. Moreover, damping effect of CRM to oscillations in adaptive controller case is observed in CATP tests.
I. Introduction
A Throttleable Ducted Rocket (TDR) is basically a ramjet engine where the fuel is provided via the burning of an oxidizer deficient propellant.
1 What makes these rockets "throttleable" is the ability to adjust the thrust by varying the mass flow rate of the fuel.
2 Fig. 1 2 shows the basic components of a TDR. Nozzleless booster is used at the beginning of the operation to make the rocket reach to a high enough Mach Number that can support the ram effect. During this initial stage, the solid propellant in the gas generator (GG) is ignited with the help of hot booster gases and after a transition phase, when the rocket reaches to a certain Mach Number, the rocket is propelled solely with the combustion of the fuel, delivered from the GG, at the ram combustor. The mass flow rate of fuel delivered to the ram combustor is adjusted using a valve between the GG and ram combustor. The focus of this paper is the control of GG pressure by manipulating the valve position in order to achieve a required GG pressure profile that is dictated by the thrust need. This thrust need is determined by the outer loop thrust controllers (or mach controllers) whose job is to calculate the required thrust to realize the mission requirements. The outer loop controllers will be the subject of future research and therefore will not be considered in this study.
The control of the pressure either in GG of TDRs or in conventional solid rocket propellants has been studied by many researchers both in academia and in industry. One of the early studies is conducted by Thomaier 3 where GG pressure is approximated as a first order lag dynamics and a gain scheduled proportional(P)-proportional and integral(PI) controller cascade is used as the controller, together with several logic units. Thomas and Ostrander 4 use open loop control to control the GG pressure for an air turbo rocket engine, where necessary throat opening schedule for desired pressure values are carefully determined using previous motor test data. Bergmans and Myers, 5 researchers from the same company, at the time, showed results basically using the same setup and controllers, where the emphasis was on the valve development. Sreenatha and Bhardwaj 6 use a PI controller where the gains are scheduled based on the control volume in the GG. Another linear controller design using PI gains is performed by Davis and Gerard 7 where they use the controller as a variable thrust solid propulsion controller. Pinto and Kurth 8 use a gain scheduled PI controller together with a feedforward (FF) term, which increases the speed of the system by calculating the required steady state throttle area given a desired GG pressure. An interesting study by Chang et al 9 describes the design of a linear controller that addresses the nonminimum phase behaviour of the thrust dynamics by using a combination of the GG pressure and Ram Combuster pressure as the feedback variable. Another linear control approach is adopted by Niu et al 10 where a PI controller is designed using static output feedback (SOF). Same authors implement the SOF controller in another study 11 where they introduce a "switching controller" which chooses the best control input among two different controllers during the operation. Bergmans and Salvo 12 linearize GG pressure dynamics around a nominal operating pressure and a nominal throat area and a linear controller, details of which are not provided, is designed using this linearized model. The linear controller dynamics are updated periodically based on the estimation of the free volume inside the GG, using the fact that the linearized model pole location is inversely proportional to this free volume.
Another approach in gas generator pressure control is funnel control, 13 which is a proportional controller with a varying gain. The gain is adjusted in such a way that the error of the closed loop system remains inside a predefined boundary (or funnel, hence the name). One practical disadvantage of funnel control is that although the error stays inside a funnel, it may not converge to zero.
14 This disadvantage can be alleviated by combining the funnel control with a PI controller. 15 There are some restrictions on the plant dynamics for which funnel control is to be implemented. One of these restrictions is that the plant must be minimum phase meaning that the zero dynamics should be stable. Another restriction is that the plant must have relative degree 1, however it is possible to eliminate this restriction by introducing an auxiliary output variable and obtaining an auxiliary system dynamics. 16, 17 In the control of GG pressure, funnel control is used successfully by Bauer et al 18 for flight performance evaluation using adjustable simulation models and also in ground and flight tests by Besser and Kurth. 19 Finally, Lee et al 20 proposes an adaptive sliding mode control approach to compensate for the uncertainties and nonlinearities in the pressure dynamics in a solid propulsion system. Successful simulations are provided without any experimental results.
In this paper, the control of GG pressure is investigated both from adaptive control and classical control perspectives. The contribution of the paper are as follows: 1) A model reference adaptive controller 21 is implemented for the GG pressure control, both in simulation and experiments. 2) A PI controller is designed based on predefined system specifications and using a step by step approach minimizing the trial and error phase for the selection of control parameters. 3) Both of these control approaches are compared in simulation as well as in experimental setup.
The paper is organized as follows: In Section II, the model of the GG pressure dynamics is provided. In Section III, the design of adaptive and classical controllers are described. In Section IV, simulation results are provided. In Section V, experimental setup is described. In Section VI, a conclusion is given.
II. System Model
As mentioned above, the inner control loop, namely the gas generator (GG) pressure control loop, is the main focus of this paper. In general, a high fidelity model of a given system facilitates the controller design by reducing the uncertainty, to the extent possible. In the case of GG pressure control, the model of the system is the mathematical relationship, described by a nonlinear differential equation, between the valve opening (input) and the GG pressure (output). This relationship is studied by many groups 2, 3, 8-10, 18, 19 and a brief summary of the results are provided below.
A. GG Pressure Dynamics
Consider the GG section in Fig 1. The mass flow rate, into the GG is given aṡ whereṁ b is the mass flow rate of the burnt propellant into the GG and A, r and ρ are the burning area, burning rate and the density of the propellant, respectively. Burning rate r is a function of the GG pressure and is determined as
where the constants a and n are functions of the temperature and pressure in the GG and are generally found empirically. P g is the GG pressure. Defining c 1 ≡ Aaρ and combining (1) and (2), it is obtained thaṫ
Assuming choked flow in the throat (or interstage valve), mass flow rate out of the GG can be given aṡ
where A th is the throat opening, R is the gas constant, T is the temperature in the GG and γ is the specific heat ratio. Defining c 2 ≡
2γ−2 , (4) can be rewritten aṡ
Assuming isothermal conditions, i.e. constant temperature, using the ideal gas law, its derivative and utilizing (1) and (4) it is obtained that
It is noted thatV g can be determined asV g = rA = aP n g A and therefore (6) can be rewritten aṡ
Defining c 3 ≡ aA, c 4 ≡ c 1 RT and c 5 = c 2 RT , (7) can be rewritten aṡ
Equation (8) provides the mathematical relationship, in a compact way, between the variable that is desired to be controlled, which is the GG pressure P g and the control input, which is the throttle opening A th . It is noted that this relationship is not only nonlinear but also time-varying, due to the changing control volume V g inside the GG. It is known that nonlinearity and time-varying dynamics make the controller design a challenging task. One approach can be linearizing the system dynamics around an equilibrium point by assuming a constant V g . This procedure is explained below.
Making the following definitions
equation (8) can be rewritten asṖ
Linearizing around an equilibrium GG pressure P g0 and the corresponding throttle opening A th0 , it is obtained thaṫ
With the following definitions
equation (11) can be written compactly as
B. Overall Plant Model with Actuator Dynamics
The nonlinear relationship between the throat area of nozzle and chamber pressure was studied in previous subsection. In order to achieve a desired pressure profile, pressure controller needs to define a desired throat area value for the nozzle. Desired throat area requirement is fulfilled by an actuator at the throat. Dynamics of the actuator is assumed to have first order dynamics with a time constant τ . Together with this actuator dynamics, overall plant transfer function is determined as:
Using the system parameters and assumed actuator time constant, open loop response of the linearized system to a step input is given in Figure 2 . It is noted that Fig. 2 also contains the response of nonlinear GG dynamics given in eq. 8 along with assumed actuator dynamics to the same step input. As seen from the figure, linear and nonlinear dynamics show reasonable agreement.
III. Controller Design
As shown in Section II, the relationship between the control input of the system (valve opening) and the controlled variable (GG pressure) is described by a first order, nonlinear, nonautonomous differential Step response of linearized and nonlinear GG with same actuator dynamics equation (8) . In addition, due to many simplifying assumptions such as constant control volume, constant temperature and ideal gas behavior together with ignoring the effects of the particles in the propellant, the derived dynamics contains considerable uncertainty. One way to cope with the uncertainty is using adaptive control, which updates its parameters online based on the the change of system signals and tracking error. Another approach is designing linear controllers that are robust enough to take care of uncertainties. There are also robust nonlinear control approaches that can be used if the bounds on the uncertainties are known. In this section, the design of two of these approaches, namely adaptive control and robust linear controllers are explained. For both controllers, output feedback method is used, because it is assumed that the only measurable state of the system is pressure of gas generator by pressure sensors. For adaptive control design case, it is assumed that actuator dynamics are faster than the gas generator dynamics, which makes gas generator dynamics dominant in overall system. Hence, nonlinear adaptive controller is designed according to the gas generator dynamics and effect of actuator dynamics is assumed to be compansated by the adaptation in adaptive controller.
A. Nonlinear Adaptive Controller
Consider the following nonlinear plant which represents the nonlinear GG dynamics.
where x(t) = y p (t) is the pressure of GG, f 1 (x) = x n and f 2 (x) = x n+1 are nonlinear functions of x, n is the constant burning exponential of solid booster and u is the outlet throat area. With the assumption of constant GG volume, coefficients a 1 , a 2 and b are found to be constant and dependent on the physical parameters of the system. A nonlinear controller could be assumed as
where r(t) is the bounded reference input to the closed loop system and k 1 , k 2 , k 3 and k 4 are controller parameters. When (16) is embedded into (15), closed loop system becomes,
Stable reference model desired to be followed is given aṡ
Assuming that the system coefficients are known, desired control parameters can be obtained as,
At nominal conditions, controller (16) with controller parameters given in (19) would manipulate the system (15) towards (18) without any problem. However, this controller would not be robust enough to compansate the uncertinities in system parameters. In order to compansate the uncertainties, controller parameters are updated online, where the adaptive laws are given aṡ
where e 1 (t) = x(t) − x m (t) is the error between plant output and reference model output, sign(b) represents the directional relationship between the input and output of the nonlinear plant and Γ i for i = 1, 2, 3, 4 are positive constants to define the adaptation rates of controller parameters. Definingk i (t) = k i (t) − k * i for i = 1, 2, 3, 4 and finding the time derivative of error signal asė 1 = a m e 1 − bk 1 f 1 (x) − bk 2 f 2 (x) − bk 3 x + bk 4 r by substracting eq. (18) from eq. (17), the stability of the system can be proved by using standard Lyapunov Stability Analysis utilizing a Lyapunov function candidate given as 
B. Closed-loop Reference Model (CRM)
In adaptive control, a high adaptation rate increases the speed of the system response in the expense of increased transient oscillations. If the rates are kept low, then the oscillations tend to dissapear but tracking performance of controller reduces as well. In order to tackle this problem without sacrificing the performance, Closed-loop Reference Model (CRM) 22 structure is introduced to the nonlinear adaptive controller. In CRM, tracking error between the plant response and reference model response is fed back to reference model, which in turn reduces the osciallations in the system response inspite of relatively high adaptation rates.
22
To implement CRM, the original reference model (18) is modified aṡ
where x m (t) is the reference model state and x(t) is the plant state and r(t) is the bounded reference signal. For a m , l < 0, reference model and error dynamics are stable.
C. Linear Control Design
To obtain a satisfactory response, the following specifications for the closed loop system are determined: a) zero steady state error, b) a bandwidth of 3rad/sec and a phase margin of 85 degrees. (It is noted that in the adaptive controller design these specifications are imposed in the reference model (18) .) Bode plot of the plant is given in Fig. 3 . To satisfy the requirements of bandwidth, steady state error and the phase margin, a PI controller with a zero at s = −10 with corresponding P and I gains is chosen. The frequency response of the overall system together with the designed PI controller is given in Fig. 4 . It is seen from the figure that all the specifications are satisfied. 
IV. Simulation Results
In this section, adaptive and classical controllers designed in previous sections are tested in the simulation environment. Plant model, consisting of nonlinear GG model together with actuator dynamics is first created in the software environment. Then, PI controller and nonlinear adaptive controller with CRM structure is added to the system with suitable gains predetermined in the design phase.
Before a comparison with a proportional-integral (PI) controller, the adaptive controller is simulated to show the effect of the CRM structure on the system performance for different gains. As seen in Figs. 5-10 tuning the CRM gain to obtain an oscillation free system is fairly straightforward.
After obtaining a reasonable response for the adaptive controller with a suitable CRM gain, the controllers are tested for the ideal case, where no uncertainy or noise is present in the system. As seen in Figs. 11 and 12, both PI and adaptive controller show acceptable performance for the ideal case. In real life applications, the effects such as noise, nozzle throat eroding due to excessive heat and imperfections in solid propellant are expected, which drag the system away from ideal conditions. Besides, assumptions made while getting the mathematical model of the GG (ideal and isotropic gas assumption) do not hold. Hence, the designed controllers need to be robust enough to compansate the uncertainties due to these phenomena. To test the robustness of the controllers, uncertainties and noise are added to the plant dynamics and the controllers are tested againts these conditions. One of the possible scenarios during GG operation is that the mass flow rate into the control volume, created by the burning of the solid propellant, could be less than modeled. Physically, this uncertinity could be caused by a couple of cases such as voids in solid propellant, metallic additives in gas medium and nonuniform burn at the end of the propellant. This uncertinity is introduced to simulations by decreasing the mass flow rate by 20%. Apart from this uncertinity, white noise is added to the system representing the noise from pressure transducers. As seen in Fig. 13-16 , both the designed PI controller and the adaptive controller show promising results in the presence of uncertainties and noise. The test setup mainly consists of gaseous nitrogen source, regulator, piping, solenoid valve, mass flow meter, pressure transducers, variable throat mechanism and its control hardware. A nitrogen bundle has been used as the source in order to get rid of the variable upper stream conditions which affect the test results by reducing the mass flow rate and total pressure. To be able to measure the fluid properties and test quantities at different locations and commanding the control signals to the actuator of the variable throat mechanism, National Instrument cards and LabView is used as shown in Fig. 18 . Mass flow rate from nitrogen bundles to the system is kept constant taking advantage of a pressure regulator. At the valve outlet of the system, a pintle-throat mechanism is used to manipulate the throat area. Pintle is controlled by a BLDC motor whose rotation is converted into linear motion by a spindle mechanism. There are maximum and minimum throat area limitations dependent on the valve and pintle geometry. These values are tested and corresponding pressure values are used to determine the operating range of the system. Plant output is read by pressure sensors in the control volume. Noise from these sensors are suppressed by a regular low-pass filter.
Volume is constant in Cold Air Testing Plant (CATP) while it is time-dependent in GG. Moreover, mass flow rate to the control volume can be kept constant in CATP, however it is a function of pressure in GG. Other than these major differences, GG and CATP has similar characteristics with CATP having less risk and cost. Hence, CATP provides a suitable alternative to test various pressure control approaches for gas generators.
B. Experimental Results
Employing the Cold Air Testing Plant detailed in Section A, tests are conducted to compare the performances of the PI controller and the adaptive controller. The results are reported in Figs. 19-24 . It is noted that data is normalized.
As seen from the figures, both PI controller and adaptive controller was able to manipulate system to track the reference input. However, in the PI controller case, output signal is oscillatory and it takes a considerable amount of time to reach its steady state value. Accordingly, PI controller signal is also oscillatory. Transient response can be improved by decreasing the controller gains but this may cause undesirably slow response dynamics. It is seen from the figures that when the adaptive controller is implemented, the response of the system is smoother together with a smooth control signal. The performance of the adaptive controller can further be improved by introducing robustfying terms to the algorithm, which will be addressed in future studies. 
VI. Conclusion
In this paper, adaptive and classical control approaches are investigated for the control of gas generator (GG) pressure in throttleable ducted rockets (TDR). These investigations are carried out both in simulation and experiments. In the adaptive controller case, a nonlinear adaptive controller with a model reference tracking is used to compensate the differences between designed optimal conditions and real application cases with uncertinities and disturbances. In the linear controller case, the robustness to uncertainties are realized by imposing careful closed loop control specifications. For the adaptive case, a novel Closedloop Reference Model approach is added to controller in order to suppress the oscillations caused by high adaptation gains. In simulations, it is shown that both PI controller and nonlinear adaptive controller have satisfactory results for uncertinity scenarios and disturbances. Then, adaptive and classical controller are implemented in Cold Air Testing Plant to reproduce the same results as in simulations. Also, effect of CRM structure to oscillations are shown in simulations and tests.
With a couple of improvements in test setup, more accurate results could be taken. In that case, robustifying modifications in adaptive control algorithm such as sigma modification and projection could be implemented to improve the results. Moreover, different control approaches such as Funnel control or sliding mode control methods could be tested in CATP.
Both PI controller and adaptive controller shows promising preliminary results in CATP as a pressure controller of gas generator as expected from simulations. As next step, these controller algorithms will be tested in Hot Air Testing Plant and will be prepared for gas generator tests.
